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ABSTRACT 

The unsteady magnetohydrodynamics (MHD) flow of fourth grade fluid between horizontal stationary plates 

with viscous dissipation and suction effects has been investigated. The fluid is subjected to a uniform transverse 

magnetic field. The upper and lower plates are stationary.   The partial differential equations that govern the 

flow are the momentum and energy equations. For the solution of the fluid flow model, the He- Laplace method 

was employed. The effect of various flow parameters on velocity and temperature profile were obtained. 

Investigated were the effects of suction parameter, third and fourth grade parameters and Hartman number on 

velocity profile. Graph were plotted for each case considered. Results of this research show that temperature 

field increases with increase in Eckert number and radiation parameter but decrease with increases in suction 

parameter and Prandtl number. While for velocity field, it is observed that it decreases with increase in suction 

parameter and Hartman number, but increases with increase in third and fourth grade parameters. The result of 

this research would be useful in Engineering fields such as Bioengineering enhance oil recovery and medical 

science of complex fluid in development of magnetic device for cell separation and targeted transport of drugs 

carriers, etc.  
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INTRODUCTION 

The fourth-grade fluid flow model is an exceptional model 

which has opened new subway of fluid mechanics. This sort 

of model is being used to explain the flow attitude of non-

Newtonian fluids Chhabra and Richard (2008) which are 

considered vital and applicable in many industrial producing 

processes such in the drilling of oil and gas wells, polymer 

extrusion from dye, glass fibre, paper production and draining 

of plastics films etc. 

A vast scientific analysis of non-Newtonian fluids problems 

has been carried out by many researchers. This has gained 

great importance in different fields due to their huge range of 

engineering and commercial applications. The study of the 

behaviour of the motion of non-Newtonian fluids is very 

much more complicated and difficult as compared to that for 

Newtonian fluids, because of the nonlinear relationship 

between the stress and the rate of strains. The governing 

equations that describes the flow of Newtonian fluid is the 

Navier-Stokes equations, while for the flow of the non-
Newtonian fluids there is no single governing equation which 

describes all of their properties and thus it is difficult to describe 

these fluids as Newtonian fluids. Therefore, many empirical and 

semi-empirical non-Newtonian models or constitutive equations 

have been proposed. Rehanet al (2010) considered the steady 

flow of a fourth grade fluid between two parallel plates. They 

analysed four types of flows; Couette flow, plug flow, Poiseuille 

flow and generalized Couette flow. The nonlinear differential 

equation describing the velocity field was solved by Optimal 

Homotopy Asymptotic method (OHAM). They observed that the 

OHAM is more efficient and flexible than the perturbation and 

Homotopy analyses method. Islam et al (2011) considered the 

steady flow of a non-Newtonian fluid with slippage between the 

plate and the fluid. The constitute equations of the fluids are 

modelled for fourth-grade non-Newtonian fluid with partial slip. 

The employed homotopy perturbation and optimal homotopy 

asymptotic methods to solve the non-linear differential equation. 

Zamanet al (2013) presented solution for unsteady Couette flow 

problem for the Eyring-Powell model. A strong magnetic field 

was applied in an ionized gas of low density; the conductivity 

normal to the magnetic field was decreased by free spiralling of 

electrons and ions about the magnetic lines of force before 

suffering collision. Also, Zamanet al (2014) analysed the Couette 

flow problem for an unsteady magnetohydrodynamic (MHD) 

fouth-grade fluid in the presence of pressure gradient and Hall 

currents. The arising non-linear problem was solved by the 

homotopy analysis method (HAM). 

Tahaet al (2015) carried out an analysis to study the time – 

dependent flow of an incompressible electrically conducting 

fourth grade fluid over an infinite porous plate. The flow was 

caused by the motion of the porous plate in its own plane with an 

impulsive velocity𝑉(𝑡). The governing non – linear problem was 

solved by invoking the Lie group theoretical approach and 

numerical technique. In another study, Tazaet al (2016) studied 

the unsteady thin film flow of a fourth-grade fluid over a moving 

and oscillating vertical belt. They employed domain 

decomposition method (ADM) and optimal homotopy 

asymptotic method (OHAM) to find the solution of the non- 

linear differential equations that governed the flow.  

Moakheret al (2016) studied the incompressible fully developed 

flow of non-Newtonian fourth grade fluid in a flat channel under 

externally applied magnetic field. An appropriate analysis was 

performed by considering the ship condition on the walls. The 

non-linear equation with robin mixed boundary conditions is 

solved with collocation (CM) and Least Square Method (LSM). 

Bhatti and Rashdi (2016) examined the attitude of Williamson 

nano fluid which was flowing from the stretched surface. Ellahi 

et al (2018) investigated the impression of nano liquid namely 

Kerosene-alumina entropy generation also examined with ship 

influence on Moring. The model of Couette-Poiseuille flow was 

established by Shehzadet al (2018) to analyse aluminium oxide-

pvcnano fluid in a chemical. Arifuzzamanet al (2019) analysed 

heat and mass transfer characteristics of naturally corrective 

hydro-magnetic flows of fourth grade radiative fluid resulting 
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from vertical porous plate. They consider non-linear order 

chemical reaction and heat generation with thermal diffusion. The 

complete fundamental equations are transformed into a 

dimensionless equation by implementing finite difference scheme 

explicitly. Santhoshaet al (2017) studied the radiation and 

chemical reaction effects on MHD free convective heat and mass 

transfer of a viscoelastic fluid past a porous plate with heat 

generation/absorption  

Idowu and Sani (2019) carried out an analysis for an unsteady 

magneto hydrodynamic (MHD) flow of a generalized third grade 

fluid between two parallel plates. The fluid flow is a result of the 

plate oscillating, moving and pressure gradient. They used He-

Laplace method to solve the nonlinear partial differential 

equations. They found that thermal radiation parameter increases 

the temperature of the fluid and hence reduces the viscosity of the 

fluid while the concentration of the fluid reduces as the chemical 

reaction parameter increases. 

Kodi et al. (2023) studied the effects of unsteady natural 

convection MHD flow with viscous, incompressible, electrically 

conducting fluid through a porous medium, considering chemical 

reaction and thermal radiation. The fluid was modeled as a non-

Newtonian Jeffrey fluid. The governing equations were solved 

analytically using a perturbation method, and the results for 

velocity, concentration, and temperature were analyzed 

graphically. Numerical values for skin friction, Nusselt number, 

and Sherwood number were also tabulated. The study's findings 

have potential applications in solar physics, 

magnetohydrodynamics, energy generation, and related fields. 

Mahabaleshwar et al. (2023) worked on the effect 

ofmagnetohydrodynamic and radiation on axisymmetric flow of 

non-Newtonian fluid past a porous shrinking/stretching 

surface,their  paper presents an analytical study of the 

magnetohydrodynamic axisymmetric flow of a Casson fluid over 

a nonlinear permeable shrinking or stretched surface. The authors 

investigate the heat transfer characteristics, incorporating thermal 

radiation effects. Key strengths include the analytical 

transformation of the governing equations, the use of the 

Rosseland approximation and incomplete gamma functions, and 

the graphical analysis of various physical parameters. Dual 

solutions for velocity, temperature, and skin friction are obtained. 

However, more discussion on the implications of the dual 

solutions and validation through numerical/experimental data 

would further strengthen the work. Overall, the paper contributes 

to the understanding of magnetohydrodynamic and radiation 

effects on non-Newtonian fluid dynamics.  Joseph et al (2021) 

investigated the unsteady (MHD) flow of fourth grade fluid in a 

horizontal parallel plates channel with suction effect. He-Laplace 

method was used to solve the nonlinear partial differential 

equation. However, viscous dissipation effect was neglected. In 

fact, the viscous dissipation effect on heat transfer is significant 

especially for high velocity flows, because the convection current 

near the channel is enhanced by viscous dissipation which in 

return affects the temperature of the fluids, thus causing decrease 

in fluid density, hence increase the fluid flow. Thus, this research 

extends the work of Joseph et al (2021). The unsteady 

magnetohydrodynamic (MHD) flow of fourth grade fluid 

between stationary plates with viscous dissipation and suction 

effects has been investigated. The He – Laplace method was 

employed for solution of the fluid flow model. The effect of 

various flow parameters such as suction parameter, Eckert 

number, Prandtl number and Radiation parameter on temperature 

profile were obtained. Also investigated were the effect of suction 

parameter, third and fourth grade parameter and Hartman number 

on velocity profile. Graphs were plotted for each case considered. 

 

MATERIALS AND METHODS 

Problem Formulation 

We consider the unsteady unidirectional flow an electrically 

conducting incompressible fourth grade fluid between two horizontal 

infinite parallel plates channel as shown in Figure 1. The fluid is 

subjected to a uniform transverse magnetic field. The upper and lower 

plates are stationary. Introducing the Cartesian coordinate system 

with the 𝑥 −axis along the direction of flow and the 𝑦 –axis 

perpendicular to it. The flow is generated due to the translation of the 

upper plate in its own place with impulsive velocity𝑉(𝑡). Since the 

plates are infinite along the 𝑥 –axis, all the physical quantities except 

the pressure depends on 𝑦 only. 

 

 
Figure 1: Physical Configuration of the Plane Poiseuille Flow 

 

For the flow model under consideration, we seek a velocity of 

the form 

𝑉 = [𝑢(𝑦, 𝑡), 0, 0]    (1) 

where u denotes the velocity of the fluid in 𝑥 −direction. It 

should be noted that Eq. 

(1) satisfies the law of conservation of mass for 

incompressible fluid, i.e. 

    (2) 

The unsteady motion of an incompressible non-Newtonian 

fluid through a porous medium is governed by 

   (3) 

in which 𝜌 is the fluid density, 𝑑/𝑑𝑡 the material time 

derivative, 𝑻 the Cauchy stress 

tensor and 𝑹 the Darcy’s resistance due to porous medium. 

The Cauchy stress tensor 𝑻 for an incompressible fourth grade 

fluid is 

𝑻 =  −𝑝𝑰 +  𝑺𝟏  +  𝑺𝟐  +  𝑺𝟑  +  𝑺𝟒  (4) 

where, 𝑝 is the pressure, 𝑰 the identity tensor and the extra 

stress tensors 𝑺𝟏  −  𝑺𝟒 are 

given by 

𝑆1 = 𝜇𝐴1     (5)  

𝑆2 = 𝛼1𝐴2 + 𝛼2𝐴1
2    (6)  

𝑆3 = 𝛽1𝐴3 + 𝛽2(𝐴1𝐴2 + 𝐴2𝐴1) + 𝛽3(𝑡𝑟𝐴1
2)𝐴1 (7) 

( )div 0=V

=div +
d

dt


V
T R
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𝑆4 = 𝛾1𝐴4 + 𝛾2(𝐴3𝐴1 + 𝐴1𝐴3) + 𝛾3𝐴2
2 + 𝛾4(𝐴2𝐴1

2 + 𝐴1
2𝐴2)

+ 

𝛾5(𝑡𝑟𝐴2)𝐴2 + 𝛾6(𝑡𝑟𝐴2)𝐴1
2 + [𝛾7𝑡𝑟𝐴3 + 𝛾8𝑡𝑟(𝐴2𝐴1)]𝐴1 

     (8) 

Here, 𝜇 is the coefficient of shear viscosity, 𝛼𝑖(𝑖 = 1,2),
𝛽𝑗(𝑗 = 1,2,3) and 𝛾𝑘(𝑘 = 1,… , 8) are material constants. 

The 𝐴𝑛 are the Rivlin – Ericksen tensors defined by the 

recursion relation 

𝐴1 = 𝐿 + 𝐿
𝑇    (9) 

𝐴𝑛 =
𝑑

𝑑𝑡
𝐴𝑛−1 + 𝐴𝑛−1𝐿 + 𝐿

𝑇𝐴𝑛−1 ,   𝑛>1  (10) 

Where, 𝐿 = ∇𝑉, 
𝑑

𝑑𝑡
 is the material time derivative, 𝑉is the 

velocity and ∇ is the gradient operator. 

Using equations (1), (9) and (10) 𝐴1 − 𝐴4 are obtained as  

𝐴1 =

(

 

0
𝜕𝑢

𝜕𝑦
0

𝜕𝑢

𝜕𝑦
0 0

0 0 0)

    (11) 

𝐴2 =

(

 
 
0

𝜕2𝑢

𝜕𝑡𝜕𝑦
0

𝜕2𝑢

𝜕𝑡𝜕𝑦
2 (

𝜕𝑢

𝜕𝑦
)
2

0

0 0 0)

 
 

   (12) 

𝐴3 =

(

 
 

0
𝜕3𝑢

𝜕𝑡2𝜕𝑦
0

𝜕3𝑢

𝜕𝑡2𝜕𝑦
2
𝜕

𝜕𝑡
(
𝜕𝑢

𝜕𝑦
)
2
+ 2(

𝜕3𝑢

𝜕𝑦2𝜕𝑡
) 0

0 0 0)

 
 

 (13)  

𝐴4 =

(

 
 

𝜕4𝑢

𝜕𝑡2𝜕𝑦2

𝜕4𝑢

𝜕𝑡3𝜕𝑦
0

𝜕4𝑢

𝜕𝑡3𝜕𝑦
2
𝜕

𝜕𝑡
(
𝜕𝑢

𝜕𝑦
)
3

+ 2
𝜕2

𝜕𝑡2
(
𝜕𝑢

𝜕𝑦
)
2

+ 3(
𝜕4𝑢

𝜕𝑦2𝜕𝑡2
) 0

0 0 0)

 
 

 (14) 

The substitution of Eqs. (11) – (14) into Eqs. (4) - (8) yields 

the following non-zero components of the Cauchy stress 

tensor 

𝑇𝑥𝑥 = −𝑝 + 𝛼2 (
𝜕𝑢

𝜕𝑦
)
2
+ 2𝛽2

𝜕𝑢

𝜕𝑦

𝜕2𝑢

𝜕𝑡𝜕𝑦
+ 2𝛾2

𝜕𝑢

𝜕𝑦

𝜕3𝑢

𝜕𝑦𝜕𝑡2
+ 𝛾3 (

𝜕2𝑢

𝜕𝑡𝜕𝑦
)
2

+ 2𝛾6 (
𝜕𝑢

𝜕𝑦
)
4
    (15) 

𝑇𝑥𝑦 = 𝑇𝑦𝑥 = 𝜇
𝜕𝑢

𝜕𝑦
+ 𝛼1

𝜕2𝑢

𝜕𝑦𝜕𝑡
+ 𝛽1

𝜕3𝑢

𝜕𝑦𝜕𝑡2
+ 2(𝛽2 + 𝛽3) (

𝜕𝑢

𝜕𝑦
)
3

+ 𝛾1
𝜕4𝑢

𝜕𝑦𝜕𝑡3
+ 2(3𝛾2 + 𝛾3 + 𝛾4 + 𝛾5 + 𝛾7 + 𝛾8)

𝜕2𝑢

𝜕𝑦2

𝜕2𝑢

𝜕𝑦𝜕𝑡
 (16) 

𝑇𝑦𝑦 = −𝑝 + (2𝛼1 + 𝛼2) (
𝜕𝑢

𝜕𝑦
)
2
+ (6𝛽1 + 𝛽2)

𝜕𝑢

𝜕𝑦

𝜕2𝑢

𝜕𝑡𝜕𝑦
+ (4𝛾4 + 4𝛾5 + 2𝛾6) (

𝜕𝑢

𝜕𝑦
)
4
+ 𝛾1 [6 (

𝜕2𝑢

𝜕𝑦𝜕𝑡
)
2

+ 8
𝜕𝑢

𝜕𝑦

𝜕3𝑢

𝜕𝑦𝜕𝑡2
] +

2𝛾2
𝜕𝑢

𝜕𝑦

𝜕3𝑢

𝜕𝑦𝜕𝑡2
+ 𝛾3 [(

𝜕2𝑢

𝜕𝑦𝜕𝑡
)
2

+ 4(
𝜕𝑢

𝜕𝑦
)
4
]        (17) 

To incorporate the effects of the pores on the velocity field, we have made use of generalized Darcy’s law consistent with the 

thermodynamics stability of the flow. This law relates the pressure drop induced by the fractional drag and velocity and ignores 

the boundary effects of the flow. 

Since the pressure gradient can be interpreted as a measure of the flow resistance in the bulk of the porous medium and Darcy’s 

resistance R is the measure of the resistance to the flow in the porous media. According to Darcy’s law, we have 

𝑹 = 𝛁𝒑 = −
𝜙

𝑘
𝑽          (18) 

where, 𝜙 is the porosity and 𝑘 the permeability of the porous medium. For different non-Newtonian fluid flows the apparent 

viscosity is different. By making use of Eq. (16), the apparent viscosity for unsteady unidirectional flow of a fourth-grade fluid 

over a rigid plate is calculated as 

= 𝜇 + 𝛼1
𝜕

𝜕𝑡
+ 𝛽1

𝜕2

𝜕𝑡2
+ 2(𝛽2 + 𝛽3) (

𝜕𝑢

𝜕𝑦
)
2
+ 𝛾1

𝜕3

𝜕𝑡3
 

+2(3𝛾2 + 𝛾3 + 𝛾4 + 𝛾5 + 𝛾7 + 𝛾8)
𝜕𝑢

𝜕𝑦

𝜕2𝑢

𝜕𝑦𝜕𝑡
       (19) 

With the use of Eq. (18) into Eq. (17), the 𝑥 −component of 𝑹 for the unidirectional flow over a rigid plate is given by 

𝐑𝐱 = −
𝜙

𝑘
[𝜇 + 𝛼1

𝜕

𝜕𝑡
+ 𝛽1

𝜕2

𝜕𝑡2
+ 2(𝛽2 + 𝛽3) (

𝜕𝑢

𝜕𝑦
)
2
+ 𝛾1

𝜕3

𝜕𝑡3
+ 2(3𝛾2 + 𝛾3 + 𝛾4 + 𝛾5 + 𝛾7 + 𝛾8)

𝜕𝑢

𝜕𝑦

𝜕2𝑢

𝜕𝑦𝜕𝑡
] 𝑢 (20) 

Finally, by making use of Eq. (20) and Eqs. (15) - (17) into Eq. (3); one deduces the following governing equation  
𝜕𝑢

𝜕𝑡
=-

𝜕𝑝

𝜕𝑥
+ν

𝜕2𝑢

𝜕𝑦2
+
𝛼1𝜈

𝜌

𝜕3𝑢

𝜕𝑦2𝜕𝑡
+
𝛽1𝜈

2

𝜌

𝜕4𝑢

𝜕𝑦2𝜕𝑡2
+
6(𝛽2+𝛽3)

𝜌
(
𝜕𝑢

𝜕𝑦
)
2 𝜕2𝑢

𝜕𝑦2
+
𝛾1𝜈

3

𝜌

𝜕5𝑢

𝜕𝑦2𝜕𝑡3
+
2ν(3𝛾2+𝛾3+𝛾4+𝛾5+𝛾7+𝛾8)

𝜌𝐶𝑝
[2

𝜕𝑢

𝜕𝑦

𝜕2𝑢

𝜕𝑦2
𝜕2𝑢

𝜕𝑡𝜕𝑦
+

(
𝜕𝑢

𝜕𝑦
)
2 𝜕3𝑢

𝜕𝑦2𝜕𝑡
] −

𝜎𝐵0
2

𝜌𝐶𝑝
𝑢 −

𝜈

𝑘
𝑢         (21) 

The of conservation of energy equation is given as 

𝜌𝐶𝑝
𝐷𝑇

𝐷𝑡
= 𝑘∇2𝑇 + 𝜙 −

𝜕𝑞𝑟

𝜕𝑦
         (22) 

Where, 𝑐𝑝 is the specific heat at constant pressure, 𝜌 is the density,𝑘 is the thermal conductivity, 𝜙 is the dissipation function, 

𝑞𝑟 is the radiative heat flux. 

The dissipation 𝜙 and radiative heat flux 
𝜕𝑞𝑟

𝜕𝑦
 in Eq. (22) are defined as follows; 

𝜙 = 𝜇 (
𝜕𝑢

𝜕𝑦
)
2
          (23) 

𝜕𝑞𝑟

𝜕𝑦
= 4𝛼2(𝑇𝑤 − 𝑇)          (24) 

Thus, the energy equation from Eq. (3.8) for unidirectional flow becomes 

𝜌𝐶𝑝
𝜕𝑇

𝜕𝑡
= 𝑘

𝜕2𝑇

𝜕𝑡2
+ 𝜇 (

𝜕𝑢

𝜕𝑦
)
2
−
𝜕𝑞𝑟

𝜕𝑦
        (25) 

Eqs. (21) and (25) are the equations that governs the flow which are respectively the momentum and energy equations. 

Now, as elucidated by Joseph et al (2021), the initial and boundary conditions are 

Shear Stress
Apparent Viscosity = 

Shear Rate
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 (26) 

In order to transform equations (21), (25) and (26) into dimensional form, we use the following dimensionless parameters 

𝑢̅ =  
𝑢

𝑈0
, 𝜃 =

𝑇−𝑇0

𝑇𝑤−𝑇0
, 𝑡̅ =  

𝑡

↑𝜐𝑈0
2, 𝑦̅ =  

𝑦𝑈0

𝜐
, 𝑃𝑟 =

𝜌𝐶𝑝

𝑘𝜐
,  𝑁 =

4𝛼2𝜐

𝜌𝐶𝑝𝑈0
2 

ℎ =
𝑈0

𝜐
, 𝑆 =

𝑣0

𝑈0
, 𝑥̅ =

𝑥

ℎ
, 𝐸𝐶 =

𝑈0
2

𝐶𝑝(𝑇𝑤−𝑇0)
, 𝐷𝑎 =

𝑘𝑈0
2

𝜐2
       (27) 

Substituting equation (27) into equations (21), (25) & (26) and by dropping the bars, we have the following transformed 

governing equations 
𝜕𝑢

𝜕𝑡
− S

𝜕𝑢

𝜕𝑦
= −

𝜕𝑝

𝜕𝑥
+
𝜕2𝑢

𝜕𝑦2
+ 𝛼

𝜕3𝑢

𝜕𝑦2𝜕𝑡
+ 𝛽𝑎

𝜕4𝑢

𝜕𝑦2𝜕𝑡2
+ 𝛽𝑏 (

𝜕𝑢

𝜕𝑦
)
2 𝜕2𝑢

𝜕𝑦2
+ 𝛾𝑎

𝜕5𝑢

𝜕𝑦2𝜕𝑡3
+ 𝛾𝑏 [2

𝜕𝑢

𝜕𝑦

𝜕2𝑢

𝜕𝑦2
𝜕2𝑢

𝜕𝑡𝜕𝑦
+ (

𝜕𝑢

𝜕𝑦
)
2 𝜕3𝑢

𝜕𝑦2𝜕𝑡
] − 𝑙1𝑢 where 

𝑙1 = 𝑀
2 +

1

𝐷𝑎
        (28) 

𝜕𝜃

𝜕𝑡
− 𝑠

𝜕𝜃

𝜕𝑦
=

1

𝑃𝑟

𝜕2𝜃

𝜕𝑦2
+ 𝐸𝑐 (

𝜕2𝑢

𝜕𝑦2
)
2

+ 𝑁𝜃        (29) 

And the initial and boundary conditions become 

  (30) 

 

Solution of the Problem 

In this section we employed the He – Laplace Scheme to solve equations (28) and (29) subject to the initial and boundary 

conditions (30) 

Applying the Laplace transform on both sides of equation (28) gives; 

𝐿 {
𝜕𝑢

𝜕𝑡
} − 𝐿 {S

𝜕𝑢

𝜕𝑦
} = 𝐿 {−

𝜕𝑝

𝜕𝑥
+

𝜕2𝑢

𝜕𝑦2
+ 𝛼

𝜕3𝑢

𝜕𝑦2𝜕𝑡
+ 𝛽𝑎

𝜕4𝑢

𝜕𝑦2𝜕𝑡2
+ 𝛽𝑏 (

𝜕𝑢

𝜕𝑦
)
2 𝜕2𝑢

𝜕𝑦2
+ 𝛾𝑎

𝜕5𝑢

𝜕𝑦2𝜕𝑡3
+ 𝛾𝑏 [2

𝜕𝑢

𝜕𝑦

𝜕2𝑢

𝜕𝑦2

𝜕2𝑢

𝜕𝑡𝜕𝑦
+ (

𝜕𝑢

𝜕𝑦
)
2 𝜕3𝑢

𝜕𝑦2𝜕𝑡
] − 𝑙1𝑢}(31) 

But, 

𝐿 {
𝜕𝑢

𝜕𝑡
} = 𝑠𝐿{𝑢(𝑦, 𝑡)} − 𝑢(𝑦, 0)        (32) 

We have, 

𝑠𝐿{𝑢(𝑦, 𝑡)} − 𝑢(𝑦, 0) − 𝐿 {S
𝜕𝑢

𝜕𝑦
} = 𝐿 {−

𝜕𝑝

𝜕𝑥
+
𝜕2𝑢

𝜕𝑦2
+ 𝛼

𝜕3𝑢

𝜕𝑦2𝜕𝑡
+ 𝛽𝑎

𝜕4𝑢

𝜕𝑦2𝜕𝑡2
+ 𝛽𝑏 (

𝜕𝑢

𝜕𝑦
)
2 𝜕2𝑢

𝜕𝑦2
+ 𝛾𝑎

𝜕5𝑢

𝜕𝑦2𝜕𝑡3
+

𝛾𝑏 [2
𝜕𝑢

𝜕𝑦

𝜕2𝑢

𝜕𝑦2
𝜕2𝑢

𝜕𝑡𝜕𝑦
+ (

𝜕𝑢

𝜕𝑦
)
2 𝜕3𝑢

𝜕𝑦2𝜕𝑡
] − 𝑙1𝑢}        (33) 

Hence, 

𝐿{𝑢(𝑦, 𝑡)} =
𝑢(𝑦,0)

𝑠
+
1

𝑠
𝐿 {−

𝜕𝑝

𝜕𝑥
+ S

𝜕𝑢

𝜕𝑦
+
𝜕2𝑢

𝜕𝑦2
+ 𝛼

𝜕3𝑢

𝜕𝑦2𝜕𝑡
+ 𝛽𝑎

𝜕4𝑢

𝜕𝑦2𝜕𝑡2
+ 𝛽𝑏 (

𝜕𝑢

𝜕𝑦
)
2 𝜕2𝑢

𝜕𝑦2
+ 𝛾𝑎

𝜕5𝑢

𝜕𝑦2𝜕𝑡3
+ 𝛾𝑏 [2

𝜕𝑢

𝜕𝑦

𝜕2𝑢

𝜕𝑦2
𝜕2𝑢

𝜕𝑡𝜕𝑦
+

(
𝜕𝑢

𝜕𝑦
)
2 𝜕3𝑢

𝜕𝑦2𝜕𝑡
] − 𝑙1𝑢}          (34) 

Applying the initial condition and rearranging, we have, 

𝐿{𝑢(𝑦, 𝑡)} =
1+cos(𝜔𝑦)

𝑠
+
𝜆

𝑠
+
1

𝑠
𝐿 {S

𝜕𝑢

𝜕𝑦
+
𝜕2𝑢

𝜕𝑦2
+ 𝛼

𝜕3𝑢

𝜕𝑦2𝜕𝑡
+ 𝛽𝑎

𝜕4𝑢

𝜕𝑦2𝜕𝑡2
+ 𝛽𝑏 (

𝜕𝑢

𝜕𝑦
)
2 𝜕2𝑢

𝜕𝑦2
+ 𝛾𝑎

𝜕5𝑢

𝜕𝑦2𝜕𝑡3
+ 𝛾𝑏 [2

𝜕𝑢

𝜕𝑦

𝜕2𝑢

𝜕𝑦2
𝜕2𝑢

𝜕𝑡𝜕𝑦
+

(
𝜕𝑢

𝜕𝑦
)
2 𝜕3𝑢

𝜕𝑦2𝜕𝑡
] − 𝑙1𝑢}          (35) 

Taking the inverse Laplace transform of both sides of equation (35), we have; 

𝐿−1𝐿{𝑢(𝑦, 𝑡)} = 𝐿−1 {
1+cos(𝜔𝑦)

𝑠
+
𝜆

𝑠
} + 𝐿−1 {

1

𝑠
{S

𝜕𝑢

𝜕𝑦
+
𝜕2𝑢

𝜕𝑦2
+ 𝛼

𝜕3𝑢

𝜕𝑦2𝜕𝑡
+ 𝛽𝑎

𝜕4𝑢

𝜕𝑦2𝜕𝑡2
+ 𝛽𝑏 (

𝜕𝑢

𝜕𝑦
)
2 𝜕2𝑢

𝜕𝑦2
+ 𝛾𝑎

𝜕5𝑢

𝜕𝑦2𝜕𝑡3
+

𝛾𝑏 [2
𝜕𝑢

𝜕𝑦

𝜕2𝑢

𝜕𝑦2
𝜕2𝑢

𝜕𝑡𝜕𝑦
+ (

𝜕𝑢

𝜕𝑦
)
2 𝜕3𝑢

𝜕𝑦2𝜕𝑡
] − 𝑙1𝑢}}       (36) 

𝑢(𝑦, 𝑡) = 1 + 𝜆 + cos(𝜔𝑦) + 𝐿−1 {
1

𝑠
{S

𝜕𝑢

𝜕𝑦
+
𝜕2𝑢

𝜕𝑦2
+ 𝛼

𝜕3𝑢

𝜕𝑦2𝜕𝑡
+ 𝛽𝑎

𝜕4𝑢

𝜕𝑦2𝜕𝑡2
+ 𝛽𝑏 (

𝜕𝑢

𝜕𝑦
)
2 𝜕2𝑢

𝜕𝑦2
+ 𝛾𝑎

𝜕5𝑢

𝜕𝑦2𝜕𝑡3
+ 𝛾𝑏 [2

𝜕𝑢

𝜕𝑦

𝜕2𝑢

𝜕𝑦2
𝜕2𝑢

𝜕𝑡𝜕𝑦
+

(
𝜕𝑢

𝜕𝑦
)
2 𝜕3𝑢

𝜕𝑦2𝜕𝑡
] − 𝑙1𝑢}}         (37) 

Applying the Homotopy perturbation method to equation (37), gives, 

1 + 𝜆 + cos(𝜔𝑦) + 𝑃 (𝐿−1 {
1

𝑠
{S

𝜕𝑢

𝜕𝑦
+
𝜕2𝑢

𝜕𝑦2
+ 𝛼

𝜕3𝑢

𝜕𝑦2𝜕𝑡
+ 𝛽𝑎

𝜕4𝑢

𝜕𝑦2𝜕𝑡2
+ 𝛽𝑏 (

𝜕𝑢

𝜕𝑦
)
2 𝜕2𝑢

𝜕𝑦2
+ 𝛾𝑎

𝜕5𝑢

𝜕𝑦2𝜕𝑡3
+

𝛾𝑏 [2
𝜕𝑢

𝜕𝑦

𝜕2𝑢

𝜕𝑦2
𝜕2𝑢

𝜕𝑡𝜕𝑦
+ (

𝜕𝑢

𝜕𝑦
)
2 𝜕3𝑢

𝜕𝑦2𝜕𝑡
] − 𝑙1𝑢}})       (38) 

Or, 

( ) ( ) ( ) ( )

( ) ( )

( ) ( )

, cos ,  , cos   at        for   ,

, ,   ,           at     for   ,

, ,  ,         as    for   .

w

u y t h h y T y t h h y t 0 0 y h

u y t U T y t T y h t 0

u y t T y t y t 0










= +  = +  =  

= = = 

→ → →   

( ) ( ) ( ) ( )

( ) ( )

( ) ( )

, cos ,  , cos   at        for   ,

, ,   ,           at     for   ,

, ,  ,         as    for   .

w

u y t 1 y T y t 1 y t 0 0 y h

u y t U T y t T y h t 0

u y t T y t y t 0










= +  = +  =  

= = = 

→ → → 

0

( , )n

n

n

P u y t


=

=
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1 + 𝜆 + cos(𝜔𝑦) + 𝑃 (𝐿−1 {
1

𝑠
𝐿 {𝑆

𝜕𝑢

𝜕𝑦
+
𝜕2𝑢

𝜕𝑦2
+ α

𝜕3𝑢

𝜕𝑦2𝜕𝑡
+ 𝛽a

𝜕4𝑢

𝜕𝑦2𝜕𝑡2
+ 𝛽𝑏𝐻𝑎(𝑢𝑛) + 𝛾1

𝜕5𝑢

𝜕𝑦2𝜕𝑡3
+

𝛾𝑏[2𝐻𝑏(𝑢𝑛) + 𝐻𝑐(𝑢𝑛)] − 𝑙1𝑢}})                (39) 

Where, 𝐻𝑎(𝑢𝑛), 𝐻𝑏(𝑢𝑛) and 𝐻𝑐(𝑢𝑛) are the He’s polynomials for (
𝜕𝑢

𝜕𝑦
)
2
,
𝜕𝑢

𝜕𝑦

𝜕2𝑢

𝜕𝑦2
𝜕2𝑢

𝜕𝑡𝜕𝑦
 and (

𝜕𝑢

𝜕𝑦
)
2 𝜕3𝑢

𝜕𝑦2𝜕𝑡
 respectively. 

The He’s polynomials for (
𝜕𝑢

𝜕𝑦
)
2
are; 

{
 
 

 
 

𝐻0(𝑢) = (𝑢0
′ )2

𝐻1(𝑢) = 2𝑢0
′𝑢1

′

𝐻2(𝑢) = 2𝑢0
′𝑢2

′ + (𝑢1
′ )2

𝐻3(𝑢) = 2𝑢1
′𝑢2

′

⋮

                 (40) 

The He’s polynomials for 
𝜕𝑢

𝜕𝑦

𝜕2𝑢

𝜕𝑦2
𝜕2𝑢

𝜕𝑡𝜕𝑦
 are; 

{
 
 

 
 

𝐻0(𝑢) = 𝑢0
′′′𝑢′0𝑡

′

𝐻1(𝑢) = 𝑢0
′′′𝑢′1𝑡

′ + 𝑢1
′′′𝑢′1𝑡

′

𝐻2(𝑢) = 𝑢0
′′′𝑢′2𝑡

′
+ 𝑢1

′′′𝑢′1𝑡
′
+ 𝑢2

′′′𝑢′0𝑡
′

𝐻3(𝑢) = 𝑢1
′′′𝑢2𝑡

′′ + 𝑢2
′′′𝑢1𝑡

′′

⋮

               (41) 

While, the He’s polynomials for (
𝜕𝑢

𝜕𝑦
)
2 𝜕3𝑢

𝜕𝑦2𝜕𝑡
 are;

{
 
 

 
 

𝐻0(𝑢) = (𝑢0
′ )2(𝑢0

′′𝑢0𝑡
′ )

𝐻1(𝑢) = (𝑢0
′ )2(𝑢0

′′𝑢1𝑡
′ ) + (𝑢0

′ )2(𝑢1
′′𝑢0𝑡

′ ) + 2𝑢0
′𝑢1

′ (𝑢0
′′𝑢0𝑡

′ )

𝐻2(𝑢) = (𝑢0
′ )2(𝑢0

′′𝑢2𝑡
′ ) + (𝑢0

′ )2(𝑢1
′′𝑢1𝑡

′ ) + (𝑢0
′ )2(𝑢2

′′𝑢0𝑡
′ )

+2𝑢0
′𝑢1

′ (𝑢0
′′𝑢1𝑡

′ ) + 2𝑢0
′𝑢1

′ (𝑢1
′′𝑢0𝑡

′ ) + 2𝑢0
′𝑢2

′ (𝑢0
′′𝑢0𝑡

′ )
⋮

 (42) 

Now, comparing the like powers of "𝑃" in equation (39) and equating their coefficients gives 

𝑃0; 𝑢0(𝑦, 𝑡) = 1 + 𝜆 + cos(𝜔𝑦)                (43) 

𝑃1; 𝑢1(𝑦, 𝑡) = 𝐿−1 {
1

𝑠
𝐿 {S

𝜕𝑢0

𝜕𝑦
+
𝜕2𝑢0

𝜕𝑦2
+ 𝛼

𝜕3𝑢0

𝜕𝑦2𝜕𝑡
+ 𝛽𝑎

𝜕4𝑢0

𝜕𝑦2𝜕𝑡2
+ 𝛽𝑏𝐻𝑎(𝑢0) + 𝛾𝑎

𝜕5𝑢0

𝜕𝑦2𝜕𝑡3
+ 𝛾𝑏[2𝐻𝑏(𝑢0) + 𝐻𝑐(𝑢0)] −

𝑙1𝑢0}}  

𝑢1(𝑦, 𝑡) = 𝐿
−1 {

1

𝑠
𝐿{[−𝜔2 cos(𝜔𝑦)] + [𝑆(−𝜔 sin(𝜔𝑦))] + [𝛽𝑎𝜔

2 sin2(𝜔𝑦)] − [𝑙1(1 + 𝜆 + cos(𝜔𝑦))]}} 

𝑢1(𝑦, 𝑡) = 𝐿
−1 {

1

𝑠2
{[−𝜔2 cos(𝜔𝑦)] + [𝑆(−𝜔 sin(𝜔𝑦))] + [𝛽𝑎𝜔

2 sin2(𝜔𝑦)] − [𝑙1(1 + 𝜆 + cos(𝜔𝑦))]}} 

 

𝑢1(𝑦, 𝑡) = (𝛽𝑎𝜔
2 sin2(𝜔𝑦) − 𝜔2 cos(𝜔𝑦) − 𝑆𝜔 sin(𝜔𝑦) + 𝑙1(1 + 𝜆 + cos(𝜔𝑦)))𝑡    (44) 

 

𝑃2; 𝑢2(𝑦, 𝑡) = 𝐿−1 {
1

𝑠
𝐿 {S

𝜕𝑢1

𝜕𝑦
+
𝜕2𝑢1

𝜕𝑦2
+ 𝛼

𝜕3𝑢1

𝜕𝑦2𝜕𝑡
+ 𝛽𝑎

𝜕4𝑢1

𝜕𝑦2𝜕𝑡2
+ 𝛽𝑏𝐻𝑎(𝑢1) + 𝛾𝑎

𝜕5𝑢1

𝜕𝑦2𝜕𝑡3
+ 𝛾𝑏[2𝐻𝑏(𝑢1) + 𝐻𝑐(𝑢1)] −

𝑙1𝑢1}} 

𝑢2(𝑦, 𝑡) = 𝐿
−1 {

1

𝑠
𝐿{(2𝛽𝑏𝜔

4 cos(2𝜔𝑦) + 𝜔4 cos(𝜔𝑦) + 𝜔3 sin(𝜔𝑦) + 𝑙1𝜔
2 cos(𝜔𝑦))𝑡} + 𝑆𝐿{(2𝛽𝑏𝜔

3 cos(𝜔𝑦) sin(𝜔𝑦) −

𝜔2 cos(𝜔𝑦) + sin(𝜔𝑦) + 𝑙1𝜔 sin(𝜔𝑦))𝑡} + 𝐿{(−4𝛽𝑏
2𝜔4 sin2(𝜔𝑦) cos(𝜔𝑦) − 4𝛽𝑏𝜔

4 sin2(𝜔𝑦) +

2𝛽𝑏𝜔
3 cos(𝜔𝑦) sin(𝜔𝑦) − 𝛽𝑏𝑙1𝜔

2 sin2(𝜔𝑦))𝑡} + 𝛾𝑏𝐿 {(2𝛽𝑏𝜔
5 cos(𝜔𝑦) sin3(𝜔𝑦) − 2𝜔5 cos(𝜔𝑦) sin(𝜔𝑦) +

2𝑆𝜔4 sin2(𝜔𝑦) − 2𝑙1𝜔
3 sin(𝜔𝑦) (1 + 𝜆 + cos(𝜔𝑦)) − 𝛽𝑏

2𝜔6 sin4(ωy) cos(𝜔𝑦) + 𝜔6 sin2(ωy) cos2(𝜔𝑦) +

𝑆𝜔5 sin3(ωy) cos(𝜔𝑦) + 𝑙1𝜔
4 sin2(ωy) cos(𝜔𝑦) (1 + 𝜆 + cos(𝜔𝑦))) 𝑡} − 𝑙1𝐿{(𝛽𝑎𝜔

2 sin2(𝜔𝑦) − 𝑆𝜔 sin(𝜔𝑦) + 𝑙1(1 +

𝜆 + cos(𝜔𝑦)))𝑡}}  

𝑢2(𝑦, 𝑡) = (2𝛽𝑏𝜔
4 cos(2𝜔𝑦) + 𝜔4 cos(𝜔𝑦) + 𝜔3 sin(𝜔𝑦) + 𝑙1𝜔

2 cos(𝜔𝑦) − 4𝛽𝑏
2𝜔4 sin2(𝜔𝑦) cos(𝜔𝑦) − 4𝛽𝑏𝜔

4 sin2(𝜔𝑦) +

2𝛽𝑏𝜔
3 cos(𝜔𝑦) sin(𝜔𝑦) − 𝛽𝑏𝑙1𝜔

2 sin2(𝜔𝑦) + 𝑆(2𝛽𝑏𝜔
3 cos(𝜔𝑦) sin(𝜔𝑦) − 𝜔2 cos(𝜔𝑦) + sin(𝜔𝑦) + 𝑙1𝜔 sin(𝜔𝑦)) +

𝛾𝑏(2𝛽𝑏𝜔
5 cos(𝜔𝑦) sin3(𝜔𝑦) − 2𝜔5 cos(𝜔𝑦) sin(𝜔𝑦) + 2𝑆𝜔4 sin2(𝜔𝑦) − 2𝑙1𝜔

3 sin(𝜔𝑦) (1 + 𝜆 + cos(𝜔𝑦)) −

𝛽𝑏
2𝜔6 sin4(ωy) cos(𝜔𝑦) + 𝜔6 sin2(ωy) cos2(𝜔𝑦) + 𝑆𝜔5 sin3(ωy) cos(𝜔𝑦) + 𝑙1𝜔

4 sin2(ωy) cos(𝜔𝑦) (1 + 𝜆 + cos(𝜔𝑦))) −

𝑙1(𝛽𝑎𝜔
2 sin2(𝜔𝑦) − 𝑆𝜔 sin(𝜔𝑦) + 𝑙1(1 + 𝜆 + cos(𝜔𝑦))))

𝑡2

2!
      (45) 

Therefore, the solution to the velocity profile is  

𝑢(𝑦, 𝑡) = 𝑢0(𝑦, 𝑡) + 𝑢1(𝑦, 𝑡) + 𝑢2(𝑦, 𝑡) + ⋯ 

0

( , )n

n

n

P u y t


=

=
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𝑢(𝑦, 𝑡) = 1 + 𝜆 + cos(𝜔𝑦) + (𝛽𝑎𝜔
2 sin2(𝜔𝑦) − 𝜔2 cos(𝜔𝑦) − 𝑆𝜔 sin(𝜔𝑦) + 𝑙1(1 + 𝜆 + cos(𝜔𝑦)))𝑡 +

(2𝛽𝑏𝜔
4 cos(2𝜔𝑦) + 𝜔4 cos(𝜔𝑦) + 𝜔3 sin(𝜔𝑦) + 𝑙1𝜔

2 cos(𝜔𝑦) − 4𝛽𝑏
2𝜔4 sin2(𝜔𝑦) cos(𝜔𝑦) − 4𝛽𝑏𝜔

4 sin2(𝜔𝑦) +

2𝛽𝑏𝜔
3 cos(𝜔𝑦) sin(𝜔𝑦) − 𝛽𝑏𝑙1𝜔

2 sin2(𝜔𝑦) + 𝑆(2𝛽𝑏𝜔
3 cos(𝜔𝑦) sin(𝜔𝑦) − 𝜔2 cos(𝜔𝑦) + sin(𝜔𝑦) + 𝑙1𝜔 sin(𝜔𝑦)) +

𝛾𝑏 (2𝛽𝑏𝜔
5 cos(𝜔𝑦) sin3(𝜔𝑦) − 2𝜔5 cos(𝜔𝑦) sin(𝜔𝑦) + 2𝑆𝜔4 sin2(𝜔𝑦) − 2𝑙1𝜔

3 sin(𝜔𝑦) (1 + 𝜆 + cos(𝜔𝑦)) −

𝛽𝑏
2𝜔6 sin4(ωy) cos(𝜔𝑦) + 𝜔6 sin2(ωy) cos2(𝜔𝑦) + 𝑆𝜔5 sin3(ωy) cos(𝜔𝑦) + 𝑙1𝜔

4 sin2(ωy) cos(𝜔𝑦) (1 + 𝜆 +

cos(𝜔𝑦))) − 𝑙1(𝛽𝑎𝜔
2 sin2(𝜔𝑦) − 𝑆𝜔 sin(𝜔𝑦) + 𝑙1(1 + 𝜆 + cos(𝜔𝑦))))

𝑡2

2!
    (46) 

Next, we consider the energy equation (29), which is rearranged to give; 

𝜕𝜃

𝜕𝑡
− 𝑠

𝜕𝜃

𝜕𝑦
=

1

𝑃𝑟

𝜕2𝜃

𝜕𝑦2
+ 𝐸𝑐 (

𝜕2𝑢

𝜕𝑦2
)
2

+ 𝑁𝜃            (47a) 

Now applying Laplace transform on equation (), we get, 

𝐿 {
𝜕𝜃

𝜕𝑡
} − 𝐿 {𝑆

𝜕𝜃

𝜕𝑦
} = 𝐿 {

1

𝑃𝑟

𝜕2𝜃

𝜕𝑦2
} + 𝐿 {𝐸𝑐 (

𝜕2𝑢

𝜕𝑦2
)
2

} + 𝐿{𝑁𝜃}           (47b) 

Applying the initial condition and dividing through by 𝑠 and rearranging we obtain; 

𝐿{𝜃(𝑦, 𝑡)} =
1+cos(𝜔𝑦)

𝑠
+
1

𝑠
{
1

𝑃𝑟
𝐿 {

𝜕2𝜃

𝜕𝑦2
} + 𝐿 {𝑆

𝜕𝜃

𝜕𝑦
} + 𝐿 {𝐸𝑐 (

𝜕2𝑢

𝜕𝑦2
)
2

} + 𝐿{𝑁𝜃}}    (48) 

Taking the inverse Laplace transform of both sides of equation (48) gives, 

𝜃(𝑦, 𝑡) = 1 + cos(𝜔𝑦) + 𝐿−1 [
1

𝑠
{
1

𝑃𝑟
𝐿 {

𝜕2𝜃

𝜕𝑦2
} + 𝐿 {𝑆

𝜕𝜃

𝜕𝑦
} + 𝐿 {𝐸𝑐 (

𝜕2𝑢

𝜕𝑦2
)
2

} + 𝐿{𝑁𝜃}}]   (49) 

Applying the Homotopy perturbation technique on equation (49), yields 

 (50) 

Or,  (51) 

Where, 𝐻𝑎(𝑢𝑛),  for the nonlinear term (
𝜕𝑢

𝜕𝑦
)
2
 

The He’s polynomials for (
𝜕𝑢

𝜕𝑦
)
2
are; 

{
 
 

 
 

𝐻0(𝑢) = (𝑢0
′ )2

𝐻1(𝑢) = 2𝑢0
′𝑢1

′

𝐻2(𝑢) = 2𝑢0
′𝑢2

′ + (𝑢1
′ )2

𝐻3(𝑢) = 2𝑢1
′𝑢2

′

⋮

           (52) 

Comparing the coefficients of the like powers of ′𝑃′in equation (51), the following approximations are obtained; 

𝑃0: 𝜃0(𝑦, 𝑡) = 1 + cos(𝜔𝑦)         (53) 

𝑃1:  

𝜃1(𝑦, 𝑡) = 𝐿
−1 {

1

𝑠
{𝐿 [

−1

𝑃𝑟
𝜔2 cos(𝜔𝑦)] + 𝐿[−𝑆𝜔 sin(𝜔𝑦)] + 𝐿[𝐸𝑐𝜔2 sin2(𝜔𝑦)] + 𝐿[𝑁(1 + cos(𝜔𝑦))]}} (54) 

Or  

𝜃1(𝑦, 𝑡) = (𝐸𝑐𝜔
2 sin2(𝜔𝑦) −

1

𝑃𝑟
𝜔2 cos(𝜔𝑦) − 𝑆𝜔 sin(𝜔𝑦) + 𝑁 + 𝑁 cos(𝜔𝑦)) 𝑡   (55) 

𝑃2:   (56) 

𝜃2(𝑦, 𝑡) = (
2𝐸𝑐𝜔4

𝑃𝑟
cos(2𝜔𝑦) −

2𝜔4

𝑃𝑟
2 cos(𝜔𝑦) +

𝑆𝜔3

𝑃𝑟
sin(𝜔𝑦) −

𝑁𝜔2 cos(𝜔𝑦)

𝑃𝑟
+ 2𝐸𝑐𝑆𝜔3 sin(𝜔𝑦) cos(𝜔𝑦) +

𝑆

𝑃𝑟
𝜔3 sin(𝜔𝑦) −

𝑆2𝜔2 cos(𝜔𝑦) − 𝑁𝜔 sin(𝜔𝑦) − 4𝛽𝑏
3𝜔4 cos(𝜔𝑦) sin2(𝜔𝑦) − 2𝛽𝑏

2𝜔4 sin2(𝜔𝑦) + 2𝛽𝑏
2𝜔3 sin(𝜔𝑦) cos(𝜔𝑦) −

2𝛽𝑏
2𝑙1𝜔

2 sin2(𝜔𝑦) − 𝐸𝑐𝑙1𝜔
2 sin2(𝜔𝑦) −

𝑙1

𝑃𝑟
𝜔2 cos(𝜔𝑦) − 𝑙1𝑆𝜔 sin(𝜔𝑦) + 𝑙1𝑁 + 𝑙1𝑁 cos(𝜔𝑦))

𝑡2

2!
 (57) 

Therefore, the solution to the temperature profile is  

𝜃(𝑦, 𝑡) = 𝜃0(𝑦, 𝑡) + 𝜃1(𝑦, 𝑡) + 𝜃2(𝑦, 𝑡) + 𝜃3(𝑦, 𝑡)⋯ 

𝜃(𝑦, 𝑡) = 1 + cos(𝜔𝑦) + (𝐸𝑐𝜔2 sin2(𝜔𝑦) −
1

𝑃𝑟
𝜔2 cos(𝜔𝑦) − 𝑆𝜔 sin(𝜔𝑦) + 𝑁 +𝑁 cos(𝜔𝑦)) 𝑡 + (

2𝐸𝑐𝜔4

𝑃𝑟
cos(2𝜔𝑦) −

2𝜔4

𝑃𝑟
2 cos(𝜔𝑦) +

𝑆𝜔3

𝑃𝑟
sin(𝜔𝑦) −

𝑁𝜔2 cos(𝜔𝑦)

𝑃𝑟
+ 2𝐸𝑐𝑆𝜔3 sin(𝜔𝑦) cos(𝜔𝑦) +

𝑆

𝑃𝑟
𝜔3 sin(𝜔𝑦) − 𝑆2𝜔2 cos(𝜔𝑦) − 𝑁𝜔 sin(𝜔𝑦) −

4𝛽𝑏
3𝜔4 cos(𝜔𝑦) sin2(𝜔𝑦) − 2𝛽𝑏

2𝜔4 sin2(𝜔𝑦) + 2𝛽𝑏
2𝜔3 sin(𝜔𝑦) cos(𝜔𝑦) − 2𝛽𝑏

2𝑙1𝜔
2 sin2(𝜔𝑦) − 𝐸𝑐𝑙1𝜔

2 sin2(𝜔𝑦) −
𝑙1

𝑃𝑟
𝜔2 cos(𝜔𝑦) − 𝑙1𝑆𝜔 sin(𝜔𝑦) + 𝑙1𝑁 + 𝑙1𝑁 cos(𝜔𝑦))

𝑡2

2!
      (58) 

 

  

 
22

1

2
0

1 1
( , ) 1 cos( )n

n

n r

u
P y t y P L L SL EcL L N

s P y y y

 
  


−

=

                = + + + + +         
               



   
2

1

2
0

1 1
( , ) 1 cos( ) ( )n

n n

n r

P y t y P L L SL EcL H u L N
s P y y

 
  


−

=

         
= + + + + +       

         


   
2

1 0 0
1 0 02

1 1
( , ) ( )

r
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RESULTS AND DISCUSSION 

The unsteady magnetohydrodynamics (MHD) flow of fourth 

grade fluid between stationary plates with suction and viscous 

dissipation effects has been investigated. The impact of 

pertinent flow parameters such as suction parameter, 

Hartmann number, Eckert number, third and fourth grade 

parameters, Prandtl number, radiation parameter are plotted 

graphically on different flow fields. The default values for the 

pertinent flow parameters are taken as Joseph et al (2021) 

𝜆 = 0.30, 𝛼 = 0.20,𝛽𝑎 = 0.05, 𝛽𝑏 = 0.05, 𝑆 = 0.10 

𝑀 = 0.30, 𝛾𝑎 = 0.05, 𝛾𝑏 = 0.05, 𝑃𝑟 = 0.71,𝐷𝑎 = 1.00, 𝑡 =
0.02, 𝐸𝑐 = 0.005  

The impact of the suction parameter 𝑆 on velocity and 

temperature profiles is illustrated in Figures 2 and 3 

respectively. It is clearly seen that both the velocity and 

temperature fields diminish with an increase of suction 

parameter 𝑆. This is due to the porosity of the channel. 

 

 
Figure 2: Effect of Suction Parameter 𝑆 on Velocity Profile 𝑢(𝑦, 𝑡) 

 

 
Figure 3: Effect of Suction Parameter 𝑆 on Temperature profile 𝜃(𝑦, 𝑡) 

 

The impression of third – grade parameter (𝛽𝑎and 𝛽𝑏) and 

fourth -grade parameter (𝛾𝑎 and 𝛾𝑏) is depicted in Figures 4 

and 5 respectively. It is observed that the velocity field 

increases with increase in both third and fourth grade 

parameters. This also clearly shown that the fluid is purely 

fourth grade. 

 

 
Figure 4: Effect of Third Grade Parameters 𝛽𝑎 and 𝛽𝑏  on Velocity Profile 𝑢(𝑦, 𝑡) 
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Figure 5: Effect of Fourth Grade Parameters 𝛾𝑎 and 𝛾𝑏 on Velocity Profile 𝑢(𝑦, 𝑡) 

 

Figure 6 illustrates the effect of Hartmann number 𝑀 on 

velocity profile. The velocity field decreases with the 

increment of Hartmann number. The role of Hartmann 

number which is the magnetic field is to suppress turbulence. 

Physically, when magnetic field is applied to any fluid, the 

apparent viscosity of the fluid increases to the point of 

becoming viscous elastic solid. It is of great interest that 

yields stress of the fluid can be controlled very accurately 

through variation of the magnetic field intensity. The result is 

that the ability of the fluid to transmit force can be controlled 

with the help of electromagnet which give rise to many 

possible control – based applications, including MHD power 

generation, electromagnetic casting of metals, MHD 

propulsion etc. 

 

 
Figure 6: Effect of Hartmann Number 𝑀 on Velocity Profile 𝑢(𝑦, 𝑡) 

 

The Eckert number 𝐸𝑐 which is the dimensionless number 

that expresses the relationship between a flow kinetic energy 

and enthalpy. It is also used to characterise dissipation. The 

effect of Eckert number is demonstrated in Figure 7. It is 

clearly seen that the temperature profile increases with 

increase in Eckert number.  

 

 
Figure 7: Effect of Eckert Number 𝐸𝑐 on Temperature Profile 𝜃(𝑦, 𝑡) 
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Figure 8 shows the impression of Prandtl number 𝑃𝑟 on 

temperature profile. The parameter (𝑃𝑟) is the proportion of 

kinematic viscosity and thermal diffusivity which changes 

physically with temperature. Prandtl number is used to 

determine whether heat transport occurs with either 

conduction or convection process. Since, Prandtl number is 

inversely proportional to the thermal diffusivity so that 

increasing 𝑃𝑟 led to the decrease in temperature profile. 

 

 
Figure 8: Effect of Prandtl Number 𝑃𝑟 on Temperature Profile 𝜃(𝑦, 𝑡) 

 

The effect of radiation parameter 𝑁 on temperature profile is 

depicted in Figure 9. It can be seen that the temperature profile 

increases with the increment of radiation parameter. Thermal 

radiation is known as electromagnetic radiation or the 

conversion of thermal energy which generates the thermal 

motion of particles in matter. Thermal radiation could be 

attributed due to thermal excitation. 

 

 
Figure 9: Effect of Radiation Parameter 𝑁on Temperature Profile 𝜃(𝑦, 𝑡) 

 

CONCLUSION 

The unsteady magnetohydrodynamics (MHD) flow of fourth 

grade fluid between stationary plates with suction and viscous 

dissipation effects was investigated. The governing equations 

for the flow considered were obtained from the basic 

equations of fluid motion. The resulting partial differential 

equation were solved using the He-Laplace method, which is 

a combination of homotophy perturbation and Laplace 

method, to obtain the velocity and temperature profile 

respectively.  

The findings of the study revealed that: 

i. Velocity and temperature profile diminish due to the 

increment of suction parameter. 

ii. Temperature profile rise due to the increment of Eckert 

number. 

iii. Velocity goes up when the third and fourth grade 

parameters get to rise. 

iv. Velocity field diminish due to the increment of magnetic 

parameter. 

v. Increase in Prandtl number decline the temperature 

distribution. 

vi. Temperature distribution rises due to the increment of 

thermal radiation parameter. 

 

Nomenclature  

𝐵o External magnetic field 

𝑇 Temperature of the fluid 

𝑞𝑟 Radiative heat flux 

𝑢 Fluid velocity 

𝑆 Suction parameter 
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Nomenclature  

𝑁𝑢 Nusselt number 

𝐻𝑎 Hartmann number 

𝑃𝑟 Prandtl number 

𝑇𝑤 Temperature at the surface 

𝑇∞  Ambient temperature as 𝑦 → ∞ 

 

Greek Symbols  

𝜇 Coefficient of shear viscosity 

𝛼 Second grade parameter 

𝛽𝑎, 𝛽𝑏 Third grade parameters 

𝛾𝑎, 𝛾𝑏 Fourth grade parameters 

𝛽 Thermal expansion coefficient 

𝛿 Thermal radiation parameter 

𝜎 Stefan – Boltzmann constant 

𝜌 Density of the fluid 
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